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We present the quantization of the Liouville model defined in light-cone coordinates in 
(1,1) signature space. We take advantage of the representation of the Liouville field by the 
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consistently in terms of the free field. The Liouville model field theory space is found to 
be restricted to the sector with field momentum P_|_ = — P_, P+ > , which is a closed 
subspace for the Liouville theory operator algebra. 



11/92 



j adwiga@yukawa.uchicago.edu 



1. Introduction 

The Liouville model has attracted attention recently for two main reasons. First the 
Liouville theory shows up in covariant quantization of the relativistic string . Second, 
it describes a two dimensional gravity || |||. The classical Liouville action 

S L = j Sx^d^-^e^) (1.1) 
with solutions given by the Liouville equation 

gj^MeW, ( L2 ) 
9 

where <fi is a Liouville field, describes the gravity theory of two-dimensional surfaces with 
constant curvature. 

The classical theory ( |1 . 1| ) is conformally invariant and the improved stress-energy 
tensor is found to have the form 



T++ = (d+0) 2 - -d 2 + c/> (1.3a) 
9 

T__ = (d-<P) 2 - -d 2 _(j). (1.36) 

We expect that the construction of a quantum Liouville theory will help to understand 
quantum gravity at least in the case of simple two dimensional models [Q. Liouville type 
theories also show up in the CGHS model @ [0 @ @] which tries to address the black 
hole evaporation problem . 

E. Braaten, T. Curtright and C. Thorn have constructed the quantum Liouville 
theory defined on Minkowski-type space with a spatial dimension compactified on a circle 
using the equal time quantization prescription. There have also been different approaches 
to quantize the Liouville model and some of them have developed in unexpected ways [fLOl 



11] leading to the development of quantum groups theory. 



The consistency of quantizing the Liouville theory on the affine Minkowski space in the 



light-cone coordinates was proven in |E| . However there has been no attempt to construct 
the quantum field theory operators for the affine Minkowski space Liouville model. The 
use of the light-cone quantization simplifies the analysis of the massless field theory and 
we expect that it will also help to simplify description of the Liouville model through 
Backliind transformation. 

In this paper we quantize the Liouville theory in the light-cone coordinates and con- 
struct quantum operators using the regularized Backliind transformation. We require that 
quantum operators of the theory transform consistently under the conformal algebra of 
the stress-energy tensor. We check the consistency of the quantum equations of motion 
described in terms of quantum operators defined by the regularization of their classical 
analogs. The physical states space of the Liouville theory is restricted by the equations 
of motion to be only half the space of the free pseudoscalar field theory and is described 
by the vacuum states eigenvalues P+ = —P- and P+ > 0. This is in agreement with the 
result of Braaten, Curthright and Thorn |ij obtained for the Liouville model defined on a 
circle. 



2. Classical Backliind Transformation 

In light-cone coordinates the Backliind transformation for the Liouville equation 
reads: 

d+cj) = d+ip - — e 9<t> e 9 ^ (2.1a) 
9 

d_(j) = -d_ip e^e' 9 ^. (2.16) 

9 

where ip(x + ,x~) = i(j(x + ) + ip(x~) is a free field. The functions tj)(x + ) and ip(x~) are 
completely independent. 

To obtain the integral representation of the Liouville field in terms of the free field ip 



we first integrate the equation ( |2.1a| ) along the x = const light cone from Xq = — oo to x + 

2 



and then integrate the equation (|2.16|) on the light cone defined by x + = x q = const from 
Xq = — oo to x~ . Combining these two integrated equations together we get the integral 
representation for the classical Liouville field : 



Jx+ Jx~ 

_|_ e -9<t>( x o ' x o~) e -9i>(xo)+gip(x+) e gi>(x~)-g^(x + )y 

(2.2) 

To completely specify the solutions to the Backliind equations (2.1 )we must impose 
the boundary conditions for the Liouville field at (xq, Xq). The boundary condition most 
appropriate for this problem is the one where the Liouville potential approaches zero at 
spatial and time negative infinity i.e. e 2s< ^ x o~' x o ) — > 0. This condition is equivalent to 
the statement that the Liouville field approaches the free scalar field in this limit and 
is given by <P(xq,Xq) — > — ?P(xq) + iP(xq). With this boundary condition the classical 
representation of the Backliind transformation is 



X 

2a i> (y ~ ) p gtp {x ~ ) - gi> {x + ) 



rX px 

(* + .*~) = 2m(/ dy+ e 2 siK» + ) e iKKO-ffiK* + ) + / dy~e 

Jxt Jx- 



gil;{x~)-gil){x + ) 



+ & 

(2.3) 



3. Light-Cone Quantization of the Liouville Model. 



We can quantize the Liouville <p an d free ijj fields on the light cone plane defined 
by x~=const using the Dirac prescription for quantization of systems with dynamical 



constraints [13| [[Wj . Following the standard procedure we get the commutation relations 
for the fields at fixed x~ : 



[<t>(x+),<f>(y+)} = [rl>(x + )Mv + )] = ~ V + ) (3-1) 

3 



where e(x) = sign(x). 

The Fourier representations of the free field in terms of the annihilation and creation 
operators is 

i>(x+)= [ -$^(a(p)e- ipx+ + a\p)e ipx+ ) (3.2) 
Jo v47rp 



where the annihilation and creation operators obey the commutation relations 
[a(p),a'(q)] = p5(p — q). For quantization at the x + =const plane, the ip(x~) part of 
the free field obeys the analogous commutation relation and has a similar Fourier expan- 
sion in terms of the b(p), tf(p) operators which commute with a(p), a^(p). The </> field 
can be represented in the same manner 

<j)(x + )= [ -^{d{p)e- ipx+ +S(p)e ipx+ ) (3.3) 
Jo V 4irp 



In the representation ( |3.3|) of the Liouville field the quantum stress energy tensor is 
defined as the normal ordered version of the classical (1.3 ) stress-energy tensor 

Tt+(x+) =: (<9 + 0(*+)) 2 : --d 2 +( f>(x+) (3.4) 

where the normal ordering is defined with respect to the d(p) and d^(p) annihilation and 
creation operators. It is easy to check that the stress-energy tensor ( |3.4|) obeys the con- 
formal algebra commutation relations 

[T(x+),T(y+)] = (T(x+) + T(y+)) i S\x+ - y+) - C i S"'(x+ - y+) (3.5) 

where C is quantum improved conformal anomaly C = ^2 + j^- — is the quantum 

2 

improved conformal factor given by the renormalized coupling constant 7 = g (1 + • 
The renormalization of the Liouville model coupling constant g is easily derived from 
general considerations (see [^5| ) . This is in agreement with the results found before in 



4. Quantum Backliind Transformation 

In order to determine how the quantum version of the classical Backliind transfor- 
mation looks we will adapt the approach developed in The quantum operators cor- 
responding to the classical ones defined in equation ( |2.3|) are determined by the normal 
ordering prescription. 

Using the representation of the Liouville field in terms of the creation and annihilation 
operators ( |3.3| ) we can define the normal ordering of an exponential of the Liouville field 
as 

where ^ 

cf)-(x + ) = [ -^d(p)e- ipx+ 

Jo V^P (42) 

poo J \ I 

It is easy to check |T^| that the fields defined above obey the commutation relation 



[</>-(£+), </>+(?/+)] = -^ln|x+ -y+\. (4.3) 

Any conformal field $a + with the left dimension A_|_ obeys the following commutation 
relation with the left stress energy tensor 



i[T++(x+), $ A+ (y + )] = S(x+ - y+)d y+ $(y+) - A+S'(x+ - y + )$ A+ - (4.4) 

The normal ordered with respect to d(p), dft{p) N ( p(e~ 9 ^ > ) operator has a dimension de- 
termined by its commutation relation with quantum stress energy tensor ( |3.4| ) . Using the 
formula ( |4.4j ) it is straightforward to find that the dimension of the operator N r j,(e~°"^'^ x+ ^) 

2 

is equal to A + = ^ — From the consistent construction of the quantum Backliind 
transformation we require that the same operator expressed in terms of the free field i/j(x + ) 
would have the same conformal dimension with respect to the if) field stress-energy tensor. 

5 



We postulate then that the quantum version of the Backliind transformation has the 

form 



N<j}e - 9 4>{x+,x ) =2m ^[e #(l )-^(* + )(i 




and the right hand side of the equation ( |4.5| ) is normal ordered with respect to a(p), a)(p) 



annihilation and creation operators. 



The stress energy tensor for the ip field is 



Tt + (x + ) =: (d^(x+)) 2 : -f3 + d\^{x + ) 



(4.6) 



The normal ordering prescription for exponentials is defined as for the Liouville field (|4.1j ) 
and the creation and annihilation parts of the free field tp(x + ) have the commutation 
relations 



The requirement that the quantum Liouville field exponential defined by the transfor- 
mation ( |4.5| ) in the tp representation is the conformal field of the same dimension as in the 
<p field representation fixes f(x + — y + ) and f3+ conformal improvement factor for free field. 
It is straightforward to check that f(x + — y + ) = (x + — y + )^ and (3+ = —, which is the 
same as the conformal improvement factor for the quantum Liouville field stress energy 
tensor ( |3.4[ ) . 

The same line of argument can be followed for the x~ coordinate independently. Even 
if we do not know the commutation relations of the Liouville field 4>(x + ,x~) itself for 
arbitrary points in the space-time (neither x + nor x~ held fixed), we know that the free 
fields i/j(x + ) and ip{x~) commute with each other and so we can construct the complete 
expression for the quantum e~ 9 ^ operator in terms of the free field ip. Repeating the same 
calculation for the right handed part of the operator N,p{e~ 9 ^) we obtain that f(x~—y~) = 



[ifj (x + ),ip + (y + )} = --3-ln|x + - y 



(4.7) 
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(x~ — y~)^ and (3- = — — . This confirms the results obtained before |I| that field tp has 
to be a pseudo-scalar free field. 

The derivation of the quantum version of the Backlund transformation can be sum- 
marized by the formula 

N ( e -g<Kx+,x-)} = 2mN i! [e 9 ' p(x ~ ) - 9i ' (x+ \l 

+ [ X dy+(x+ -y+)£ e 29 ^ y+) + f X dy-(x- -y-)£e- 29 ^ y ^)}. 

J — oo J — oo 

(4.8) 

To completely define the set of quantum operators in this language we have to specify 
the normal ordering prescription for two exponential operators of the Liouville field. The 
natural definition is: 

N(e a *e^) = lim x ^|x + - y + \^\x~ - y~\^ N(e a(f,(x+ <^))jV( e ^ + ' y ~ ] ). (4.9) 
Using the equation ((Of) with a = g, (3 = —g we find the quantum operator 



jy e g4>( x+ , x ) — _ e ff^ + (a + ) c -a^ + (x )x(x + ,x~)e 9 ^ ( x+ ) e -9^ O ) (4-10) 
2m 



where 



X- 1 (x+,x-)=N^[l+ j dy+(x+ - y +)-£ e 29 ^ y+) 

J — oo 

+ ! dy-(x~ - y-y^ e ~ 2 ^y~\ 

J —oo 



(4.11) 



The same way we find that 



Ne 2g<P(x+) 



(2m) : 



; 2^ + (x + ) e -2^ + (x-)^t (a .+ 5X - ) x( x +, x -)e 2 ^"^ + ) e - 2 ^"( :E ") 



(4.12) 



7 



where 



_ J -°° (4.13) 
+ / dy-(x~ - y-)- 9 ^ e- 29 ^ y ~\ 



oo 



From definitions ( [4.11] ) and ( f4.13| ) it is clear that these formulas do not contain the 



integration singularities as long as ®— < 1 ■ They are valid in the weak coupling limit 
of the Liouville model. This restriction is identical to the one obtained for the Liouville 
model with space dimension compactified on a circle PJ. 

The complete set of operators includes also d+(j) and d-(j) which are defined by the 
classical Backliind transformations (|2.3| ) . Looking at the equations (|2.3| ) and ( fL10|) we 
may guess the form of the quantum version of the classical operators e 9 ^e 9 ^ and e 9 ^e~ 9 ^ 



N(e 9 ^e 9 ^) = — e 29 ^ + ( x+) Y+(x+,x-)e 29 ^ {x+) (4.14a) 
2m 

NU^e- 9 ^) = — e - 29 ^ +{x ~ ) Y_(x + ,x-)e- 29i '~ ix ~ ) . (4.146) 
2m 



Requiring that the equation of motion ( |1.2| ) hold also for the quantum operators we 
find that Y+, Y- are given by the expressions 



- e -2g^(y )i 



Y+ 1 (x + ,x-)=N^[l+ f dy + (x + -y+)-4 e 2 ^(y + ) + [ dy~ 

J —oo J — oo 

(4.15a) 

Y- 1 (x+,x-)=N^[l+ I dy+e 29 ^) + I dy-(x~ - y~)~^e ' 



^-\ — m,\1-l I dy^e 29 ^ 9 ' + / ArfT--,rl-Tp- 2 ^fe )l 

J — oo J — oo 

(4.156) 

We can also check, using the equation ( |4.4| ) and its right-handed counterpart, that 
the left and right conformal dimensions of the operators N(e 9< ^e 9 ^) and N{e 9 ^e~ 9 ^) are 
respectively A + = 1 and A_ = 1 which proves the consistency of the definitions (4.14 ). 



The quantum equations of motion are then described by 

2>TY) 

d+d-<P = d-{d + ip - — N{e 9 ^e 9 ^)) 



9 9 



(4.16) 



and expressions (4.14 ), (|4.12| ) . 



5. Liouville Equation on the Physical States Space 

It was proven in [jl|] that the physical states space for the Liouville model defined on 
a circle is half the space of the free field theory. The constraints of the Liouville theory 
space came from the requirement that quantum equations of motion are valid. It turns 
out that they hold only on half of the free field theory space. In this section we would like 
to establish if similar restrictions apply to our quantization procedure. 

In order to do so we first have to define the Fock space of the theory. As usual the Fock 
space is defined by the states built up from the creation operators acting on the unique 
vacuum state which is annihilated by all the annihilation operators a(p)\0) = b(p)\0) = 
0. Special attention however has to be paid to the constant (coordinate independent) 
modes of the free field operator which as in the case of quantization on the time-like plane 
define different super-selection sectors of the vacuum. The constant modes of the free field 



operator are implicitly contained in the Fourier expansion (|3.2| ) . We can recover constant 
modes of the free field operator as 

Q+ = limp^o— L=(«(p) + a ] {p)) 

P Y« (5.1) 

Q~ =\im p ^ —={b(p) + tf(p)). 
p\/4ir 



These operators have their canonical conjugates defined by 

P + = lim p ^ iy/Tr (-a(p) + a f (p)) 



(5.2) 

P_ = lim p ^ iV^(-b(p) + b\p)). 



9 



They obey the canonical commutation relations 

[Q+,P+]= i [Q-,P_]=i 



(5.3) 



With constant mode operators and their canonical conjugates given by the formulas 
( |5.1| ) and ( p.2| ) we may define normalized vacuum states of the theory as 

e lQ+p +e tQ ~ pL \0) = |P;,P:,0) 

(5.4) 

and (0P|, P'_\P+, P", 0) = 5(P; - P'_l)5(P'_ - P'l) 

where zero in the |P^_, P'_, 0) means a state annihilated by all a(p), b(p) with p ^ 0. 
We can also rewrite the Fourier expansion of the free field as 



${x+) = Q+ + p* + r -^( a (p)e- ipx+ + a\p)e ipx+ " 
^ Jo+ yAnp 



Q + + P+^ + 4>(x+) 



^(x") =Q-+P_^-+ !°° JL- (b(p)e-^- + b\p)e^-) 



(5.5) 



= Q-+P_^+^ X -). 

New fields i(j(x + ), tfj(x~) contain only nonzero momentum creation, annihilation 
modes and have slightly modified commutation relations 

~ 1 i 

[^~(x + ),i; + (y + )] = -— ln|x+ - y+\ + — (x + - y + ) 

[if; (x ),ip + {y )] = -— ln|x -y \ + —{x - y ). 
We have to specify the normal ordering prescription for the new set of the operators 
including the "momenta" and "position" operators on the field space. For the nonzero mo- 
mentum operators the normal ordering prescription is as usual. For the Q + , P+, Q~ , P_ 
operators we define the normal ordering by 



N(e 2aQ+ F(P+)) = e aQ+ F(P + )e aQ+ N(e 2aQ ~ F(P_)) = e aQ F(P_)e aQ ~ . (5.7) 

10 



It is easy to check that this normal ordering prescription differs only by a coordinate 
independent constant from the one given in equation (|4.1| ) . 

The Liouville model operators defined by the modified ordering prescription have the 

form 

]\f e g4>(x + ,x~) _ 1 c g-0 + (x+) c -. g ^+(x~)^Y r ( x + x ~)e 9 ^~ ^ x+ ^ e~ 9 ^~ ^ x ~^ 
2m QV ' J 

Xq 1 {x + ,x~) = N[e- 9Mx+) e 9 ^ x ~\l+ f dy + {x+ - y+)~£ e 29 ^ iy+) ( 5 . 8 ) 

J — oo 

x ~ 



+ / dy-(x~ -y-)-^ e - 29 ^ y ' 



3C 



and 



Xq\x+,x-) = N[e- 9 ^ x+) e 9 ^ o{x ~\l+ [ dy + (x + - y + )~4 e^ (x+ ~ y+) e 2g ^ (y+) 



9 2 i 



+ I dy-(x~ -y-)-^ e ^ x ~ y ) e ~ 29 ^ y >)]. 

J — oo 

(5.9) 

The operators involved in the expression of (9_|_0 and <9_0 are given by 



N(e?*efrt) = ^e 29 ^ +ix+) Y Q+ (x + ,x-)e 29 ^^ (5.10a) 
JV(e fl *e -9 ^) = ^-e- 29 t ,+{x ~ ) Y Q _(x + ,x-)e- 29 ^ {x ~ ) (5.106) 



and 



YqI(x+,x-) = N[e- 29 ^ x+ \l + f X dy+(x+ - y +)~4 e ^(y + ) + T dy - e -2 g ^{ y )y 

J — oo J —oo 

(5.11a) 

YqI(x+,x-) =N[e 29Mx ~ ) {l+ f dy+e 29 ^ y+) + f dy~ {x~ - y-)~4 e' 29 ^^)}. 

J — oo J — oo 

(5.116) 



11 



In the above expressions we used the shorthand notations for the zero modes of the 

free field M% + ) = Q + + p + |f and M%~) = Q~ + P-^f- 

To establish the consistency of the quantum equation of motion to the lowest order 
in the g expansion we have to check if the equation 



d-(0,P^P'_\d +( j)\P^P'l,0} = (0,P^,P'_\^j^Ne 29 ^\P^P^0} 



(5.12) 



holds to the lowest order in the g expansion. 

From the equations (|5.9[) and (5.10 )we see that we need to evaluate expressions 



a_ (o, p;, pl | - -y q+ ( x +, x-)\pi pi, o) 

and (0, P; , PL | -X^Xq I Pl , PL , 0) . 



(5.13) 



The evaluation of the equation of motion coming from the second equation of Backliind 



transformation (|2.16|) can be reduced to the problem of calculating the matrix element 
(0,P+,PL\ - -Y Q _(x + ,z-)\P%, PL,0) which is similar to the (|5U3|) formula and we will 



concentrate on examining the consistency of the equation (|5.12 
To the lowest order in g the following formulas hold 



YqI = (1 + 0(g 2 ))(e- 9Q+ e- 9P +^e- 9Q+ + 



+ 



dy + e 



+ P 9P+ 



+ e -9Q + e -9P + ^ e - 9 Q + e - 9 c 



dy e 



-gP_y^ e -gQ 



(5.14) 



Xq 1 = (l + 0(g 2 ))(e-^ + e- 9P ^e-^\^e 9P '^e^ + 



+ e 2^ e 



-gP- 



< <■ ■•■ - I dy e 



x 



gP- 



O -v ) 



h(*--v-) e -%Q 



(5.15) 
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The integrations over y + and y~ in the expressions ( |5.14 ) , ( 5.15 ) give a finite result 
(which is equivalent to the nonzero matrix elements (|5.13|) ) provided we are restricted to 
the space with P_|_ > and P_ < eigenvalues. After performing the integrations and 
using identities 



e -gQ + e -qP + ^ e -gQ+ = e iP*>£ e ~2gQ+ e -iP%£ 



2ig 2ig 



2ig 



e -»0-(-P_)-i e -ff«- = J-r-\- — ig ) e - 2 ^-T(- P - %9 ' 
y ' 2ig v 2ig 1 v 2ig ' 



(5.16a) 
(5.166) 

(5.16c) 



we get the following expressions for the matrix elements (|5.13| ) 



-* 9 



cL(o, p|, PL I - -y q+ (x+, x-)\p';, PL, 0) = 

9 

fp/2 _ p//2\ (p' 2 -p'_^)z 



g 7T 



47T 



P' , P' -ig s , Pi\ P"-ig s 

r ^ r -^- ^ )r - 1 (-±)r- 1 (-^— x 

lig lig Zig 2ig 



(o,p;,p: 



,2gQ + 



e 2gQ+ _|_ e -2gQ' 



\P^PL,0)(1 + O(g 2 )) 



and 



(5.17) 



{o,P^PL\-xlx Q \P!l,PL,o) 



1 _ (P /2 -P" 2 )x- {P' 2 -P'' 2 ) X + Til pi p'l pH 

V) 2 (2£)V - *r e- ^ + r- 1 (-^)r- 1 (^)r- 1 (^+)r- 1 (-^)x 

gr 7T zz<? z^g zzc/ zzo 

e gQ + e -gQ~ P, 1 P , 1 P 1 PI 

<°>n^l eW+e _ 290 - r(^ + 5 )r(-5± + - 2 m- + 5 )r ( -_ + 5 ) 

e2g g + + e - 2g Q- m / ^-.0)(i + ^ 2 ))- 

(5.18) 



The expressions ( |5.17[ ) and ( J5.18[ ) can be further evaluated quite strightforwardly. We 



insert the complete set of states J ^-|o ± )(o ± | or J dp ± \p ± )(p ± \ and after tedious but 
standard integrations we obtain the following expressions: 
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a_ (0, P' + , PL | - -Y Q+ (x+ , x-) l p'; , P'L , 0) 



2 g _ P"2) (P^-P^' 2 )*" . (P| 2 -P|' 2 )^ 



47T 



P|x 



,PL X , P' -ig s ,,P+ X i, P" -ig. 



2^ 



2^ 



1 



— — ^5(AP + - AP_ 
2# 2sh^- 



(5.19) 



and 



(o,p;,p:i-xtx Q |p; , ,p: , ,o} = 
1 « (p^-p" 2 )^- (p' 2 -p' /2 ) a: + p/ p/ p// p// 

— (f)V " - e- ^ r- 1 (-^)r- 1 (^)r- 1 (^)r- 1 (-^)x 

g 2 2^ Lig lig lig 

S--S+ 



.^sh^ah^^tl (5.20) 



2AP + (ch 2 ^ sh^ sh^ + sh 2 ^ ch^ chZf 
sh 




g_sh 7r(5 - +S+) 

4ff 



bX1 2g bLi 2g bU 4g bI1 4 3 

We have introduced the symbols: AP + = P^ - P' + , AP_ = PL - P'_, S + = P£ + P^, 
5*- = P" + Pi , sh=sinh and ch=cosh. 

Inspection of expressions ( |5.19| ) and (|5.2Q[) indicates this equivalence in the small g 



limit, if the field theory space is restricted to the vacuum states |P^_, PL, 0) with momenta 
PL = —PL , PL > 0. This is half of the field theory space for the pseudoscalar free field 
ijj defined by Pj. = —PL condition. The leading g contribution to the expression ( |5.20| ) 
comes from the second term in the sum. 

On this space the matrix elements are equal toS 



1 Useful identities for T function can be found in [17| 
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a_(o,p;,p:i5+0|p; / ,p: / ,o) = (o,p;,Pi|iVe 2 ^|p£,Pi',o) = 

1 P'l (5-21) 
= -— ±^(2AP + ). 

The restriction of the physical states space is consistent with the integrability condition 
for the equations ( |5.14| ) and ( |5.15| ) i.e. P' + > and P'_ < 0. The subspace defined above 
is closed under the operator algebra since acting by a Liouville vertex operator with a 
positive momentum on the state with positive momentum will always produce another 
state with positive momentum. 



6. Conclusion 

In this paper we have consistently constructed the quantized Liouville model defined 
on the affine Minkowski space. Aside from the fact that this procedure proposes a different 
way of quantizing the theory we find it interesting because it can be readily applied to the 
CGHS model expressed by Liouville type fields || ||. The CGHS model is believed 
to describe the properties of evaporating black holes and quantizing it may provide a new 
insight into the problem. Work on this problem is in progress. 

I would like to thank Emil Martinec for many helpful discussions and comments, and 
Eric D'Hoker for discussions about the Liouville theory. This work is submitted in partial 
fulfillment of the requirements for a Ph.D. degree in physics at the University of Chicago. 
This work is supported in part by the DOE grant DE-FG02-90ER40560. 
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